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Perturbation Analysis of Convective Heat Transfer in
Helicoidal Pipes with Substantial Pitch

Y. Gong,* G. Yang,t and M. A. EbadianJ
Florida International University, Miami, Florida 33199

Fully developed convective heat transfer in a coiled pipe with substantial pitch (the helicoidal pipe) is inves-
tigated by the perturbation method. The results of this study indicate that the effect of pitch on the temperature
distribution appears in the second-order solution (T2 terms), and that it will rotate the high temperature contours
that deviate from the outer wall, which are enhanced by increasing the Reynolds number, the Prandtl number,
and the curvature of the coil. As a result, the peak of the Nusselt number along the periphery moves away from
the outer wall. The results of the study also indicate that increasing pitch may slightly reduce the average Nusselt
number.

Nomenclature
B = pitch of the helicoidal pipe, m
D — diameter of the helix, m
De = Dean number
D,, = hydraulic diameter
Nu = Nusselt number
Pr = Prandtl number
p = pressure, N m~ 2

Q = function, Eq. (6)
R = radius of the circular pipe, m
Re = Reynolds number
r = dimensionless radial direction coordinate
s = dimensionless axial coordinate
T = dimensionless fluid temperature
Th = bulk temperature
Tw = wall temperature
w, v, w = dimensionless velocity components
W = dimensional reference velocity, m s - I

a = thermal diffusivity, m2 s"1

j8 = function, Eq. (7)
y = function, Eq. (8)
e = dimensionless curvature, KR
77 = function, Eq. (9)
6 = angular
K = curvature, m"1

A = torsion
v — kinematic viscosity, m2 s"1

p = density, kg m~ 3

<l> = general variable
a) = function, Eq. (6)

Subscripts
c = curved pipe
c2 = the terms linked to cos 26
s = straight pipe
si = the terms linked to sin 6
0, 1, 2 = zero-, first-, and second-order solutions
20 = the terms linked to r only

Superscript
* = dimensional value
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Introduction

C OILED pipes, which in many cases have considerable
pitch, are widely used in different engineering applica-

tions. The general subject of flow and heat transfer in coiled
pipes has been examined by numerous researchers. Excellent
surveys have been given by Berger et al.l and Shah and Joshi.2
However, the majority of the studies conducted in the past
have been based on the assumption of negligible pitch in the
coiled pipe. Considering the effects of pitch will dramatically
increase the complexity of the investigation since the pitch of
the pipe will create an additional torsional force. In a toroidal
pipe (referring to the coiled pipe with zero pitch in this ar-
ticle), two symmetrical loops of secondary flow are formed
due to centrifugal force,3 while in the helicoidal pipe (referring
to the coiled pipe with a nonzero pitch), torsion will create a
rotational motion that distorts the symmetrical loops of the
secondary flow. Wang4 obtained a first-order perturbation
solution of the complete Navier-Stokes equation in a non-
orthogonal helicoidal coordinate system. He presented his
velocity field in contravariant components and found that
torsion has a first-order effect on the secondary flow. Murata
et al.5 investigated laminar flow in a helicoidal pipe by both
the perturbation and numerical methods. They presented their
velocity field in covariant components and found that the
torsion effect is of the second order. Germano6 introduced a
transformation to render the nonorthogonal coordinate sys-
tem to an orthogonal one and found that the effect of torsion
on the secondary flow is of the second order. Kao7 used Ger-
mano's coordinate system to study flow in the helicoidal pipe
in a substantial range of Dean numbers using both pertur-
bation and numerical methods and concluded that the torsion
effect may be on the order of one and a half. Recently, Tuttle8

re-examined the same problem and pointed out that whether
torsion has a first- or second-order effect on the secondary
flow in a helicoidal pipe is really dependent on which frame
of reference the observer used. However, compared with the
study of flow in a helicoidal pipe, based on the authors' best
knowledge, no paper has been published in the open literature
to theoretically study the effect of pitch on convective heat
transfer in a helicoidal pipe.

Fully developed convective heat transfer in a coiled pipe
has been widely studied in the past century, and detailed
reviews can be found in references by Baurmeister and Brauer,9
and Shah and Joshi.2 Interestingly enough, although the ex-
perimental results are usually obtained from the coiled pipe
with a certain pitch, the majority of the numerical and the-
oretical solutions of convective heat transfer in a coiled pipe
have focused on the case of a toroidal pipe where the torsion
effect has been neglected. Recently, Yang et al.10 studied

587



588 GONG, YANG, AND EBADIAN: HELICOIDAL PIPES WITH PITCH

convective heat transfer in fully developed laminar flow in a
nonzero pitch coiled pipe using a numerical method.

In this article, the perturbation method has been applied
to solve fully developed convective heat transfer in a helicoidal
pipe subjected to axially uniform wall heat flux with uniform
peripheral wall temperature @. It is believed that the avail-
ability of such a solution can enrich our understanding of this
important subject.

Governing Equations
Figure 1 shows the geometry of the helicoidal pipe and the

coordinate system used in this study. In this figure, D and B
represent the diameter and the pitch of the helix, respectively,
and R is the radius of the circular pipe. s*, r*, and 0 are the
coordinates in the axial, radial, and tangential directions, re-
spectively. If one uses u, v, and w to represent the radial,
tangential, and axial velocities, and T for the fluid tempera-
ture, the dimensionless governing equations for fully devel-
oped laminar flow and convective heat transfer can be ex-
pressed as

r d6 r dr ^ (1)
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Fig. 1 Geometry and coordinate system of helicoidal pipe.

dw
y = - +

dvw cos 0 — A —
do

du U 1 dv
17

(8)

(9)dr r r d6

The dimensionless parameters in Eqs. (1-5) are defined by

W

p = pvW/R '

np _

Re = W-R

4RIW2

D

1 - £ COS 0 '

In Eq. (10), the value with a superscript * indicates the
dimensional value, and

n = wT*r dr < (U)

For fully developed flow with an axially uniform wall heat
flux and a uniform peripheral wall temperature © boundary
condition, the boundary conditions for Eqs. (1-5) are

@ r = 1

(12)

as*

as*

= const

= const

Equations (1-5) are derived based on Germano's coor-
dinate system. There exists minor differences between Eqs.
(1-4) of the present investigation and Germano's equations6

due to the different definition of the dimensionless param-
eters and co. The reason for using the current a> definition,
which is different from Germano's, is to compare our veloc-
ity distribution with the results from Choi.11 Equation (5),
the energy equation, is derived in the helicoidal system by
Yang et al. i ()

Perturbation Procedure and the Velocity Field
The perturbation technique has been used in this study to

solve the governing equations, Eqs. (1-5). For the helicoidal
pipe with a small curvature, it is natural to choose curvature
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e as the perturbation parameter. Therefore, unknown vari-
ables, M, v, w, p, and 7, can be written in the general form:

(13)

lr2 7r'°

In this study, only the first three terms will be considered.
By substituting Eq. (13) into Eqs. (1-5) and collecting the
terms with the same order of e, one can obtain three sets of
partial differential equations. Since the continuity and mo-
mentum equations are independent of the energy equation,
the flowfield can be solved first.

The zero-order solution of the momentum equation rep-
resents Poiseuille flow in a straight pipe, which is

MO ~ v0 ~ 0 (14a)
w, = 1 - r2 (14b)

where the first- and second-order solutions represent the ef-
fects of curvature, which can be expressed as
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Equation (16) shows that torsion appears in the e2 terms
in the u, v, and w velocity equations. Choi14 also has expanded
momentum equations to e3 terms. Therefore, Eqs. (15) and
(16) in the present study have been compared with the first
three terms (e°, e1, and e2) of Choi.11 The results are almost
identical after considering the difference in the definitions
between the two studies.

Temperature Distribution
By substituting the velocities in Eqs. (14-16) into each

order of the energy equations and solving these equations
sequentially, one can obtain the zero-, first-, and second-order
temperature distributions:
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(17c)

Equation (17a) indicates that r(), the temperature distri-
bution in a straight pipe, is a function of r only. That is, the
isothermal line will be a set of concentric circles, as seen in
Fig. 2a. Equation (17b) indicates that T{ is a function of both
r and 0. However, since only the cos 6 term appears in Eq.
(17b), r, is symmetric to the centerline, which is connected
to the inner and outer walls, as seen in Fig. 2b. Figure 2b
also shows that T, has a positive value in the semicircle near
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b) d) 37Y/2

Fig. 2 Temperature distributions of r0, T19 T2, and T: a) T0, b) eTl9 c) E2T2, and d) 7 = T0 + e Y + £2T2.

3n/2 b) c)

Fig. 3 Effect of torsion on the temperature distribution: a) A = 0.0, b) A = 0.2, and c) A = 0.5.

the outer wall and a negative value near the inner wall. Equa-
tion (17c) shows that the second-order solution includes three
parts: 1) the terms related to r only, T"20; 2) the terms related
to both r and cos 26, Tc2, and 3) the terms related to r and
sin 0, Txl. The first two parts are symmetrical to the centerline
between the innermost and outermost points or normal di-
rection, while the third term is not. Generally speaking, T2Q
is the major term for heat transfer enhancement. Since the
value of Tc2 is almost two orders of magnitude less than that
of r20, the contributions of Tc2 to the peripheral Nusselt num-
ber are trivial. The Tsl terms represent the contribution of
torsion, which has the same order of magnitude as T20. As
expected, Fig. 2c shows that the contours of T2 are highly
asymmetrical with a negative value in the bottom region and
a positive value in the top region. Equation (17) also indicates
that the effect of pitch appears only in the T2 solution and

links to the asymmetrical terms of sin 0. If specifying that A
is equal to zero, Eq. (17) will reduce to a symmetrical solution,
which corresponds to the case of a coiled pipe with a zero
pitch. By combining the three parts, Fig. 2d shows the typical
temperature distribution in a helicoidal pipe. The high tem-
perature contours are not only pushed toward the outer wall,
but are also rotated. During the calculation, parameters,
Pr = 10, Re = 30, e = 0.1, and A = 0.3, have been applied.

Figure 3 illustrates the effect of torsion on the temperature
contours, where parameters, Re = 40, e = 0.1, and Pr =
5.0, have been used. When specifying A = 0, Fig. 3a repre-
sents the temperature distributions in the toroidal pipe (zero
pitch). Due to centrifugal force, the high temperature con-
tours are pushed toward the outer wall. As the torsion in-
creases to 0.2, Fig. 3b shows that the temperature contours
rotate clockwise. Figure 3c shows that as the torsion further
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i)
Fig. 4 Effect of torsion enhanced by other major parameters: a) Pr = 5, Re = 30, e = 0.01, A = 0.3; b) Pr = 5, Re = 30, £ = 0.05, A =
0.3; c) Pr = 5, Re = 30, e = 0.3, A = 0.3; d) Pr = 1, Re = 30, e = 0.1, A = 0.3; e) Pr = 5, Re = 30, E = 0.1, A = 0.3; f) Pr = 10, Re
= 30, e = 0.1, A = 0.3; g) Pr = 5, Re = 1, £ = 0.1, A = 0.3; h) Pr = 5, Re = 20, E = 0.1, A = 0.3; and i) Pr = 5, to = 50, £ = 0.1,
A = 0.3.

increases to 0.5, the angle of rotation increases. Figure 4
illustrates how other major parameters may enhance the effect
of torsion. In these figures, the torsion has been fixed at 0.3.
Figures 4a-4c indicate the effect of curvature on the tem-
perature distributions, where Pr = 5, Re = 30, and s changes
from 0.01 to 0.3. As expected, there is no visible change in
the temperature contours in the helicoidal pipe with a very
small curvature (Fig. 4a, s = 0.01). As e increases to 0.05,
Fig. 4b shows that the high temperature contours begin to
move to the outer wall. However, it is still difficult to deter-
mine the contribution of torsion. In a helicoidal pipe with
large curvature, the secondary flow becomes stronger and
some of the temperature profiles appear as crescent shapes
and the torsion rotates the contours. Figures 4d-4f represent
the effect of the Prandtl number on the temperature distri-
bution. The parameters, Re = 30 and s = 0.1, are used in
the calculation. The Prandtl number is the ratio of convective
heat transfer over conductive heat transfer. Figure 4d shows
that when Pr = 1, the appearance of the temperature contours
remains as a concentric circle. As the Prandtl number in-

creases to 5 (Fig. 4e), convective heat transfer becomes dom-
inant and the temperature contours move toward the outer
wall. However, the torsion effect still remains unimportant.
When the Prandtl number is further increased, Fig. if shows
that the temperature contours are significantly distorted and
rotated. The Reynolds number is another important param-
eter to control heat transfer behavior in a helicoidal pipe.
Figures 4g-4i show the effect of the Reynolds number on
the temperature distribution, where parameters, s = 0.1 and
Pr = 5, are used. When Re is smaller than 20, Figs. 4g and
4h indicate that there is a very minimum torsion effect on the
temperature contours. However, when Re reaches 50, a con-
siderable distortion and rotation can be observed, as seen in
Fig. 4i. Thus, Fig. 4 indicates that it appears that the torsion
effect can be observed only when the temperature contours
are significantly distorted.

Bulk Temperature
The bulk temperature is defined in Eq. (11), where the W

can be found by

-2221259Q47rflg4 - 3835844812807r/?g2

1205152697548800
125536739328QQ7r\

/
(18)
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and the numerator can be written as

The nonzero terms in Eq. (19) are
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Equation (20) indicates that the torsion contribution to the
bulk temperature is on the order of the e4 term, Eq. (20g).

Nusselt Number
The peripheral Nusselt number is defined as

f
Substituting the T and Tb into Eq. (21), one can get
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2 I Pr
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UPrRe
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28lPr3Re3
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126lPrRe3 l511Pr2Re
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Equation (22) indicates that the torsion contribution on the
peripheral Nusselt number is through the sin 6 terms only.
Figure 5 shows that the peripheral Nusselt number changes
with torsion A. Re = 30, Pr — 10, and e = 0.1 have been
applied during the calculation. The curve of A = 0 indicates
the case of a toroidal pipe that is symmetrical to the centerline.
As A increases, the peaks of the curve move to one side,
which indicates an asymmetrical condition. Figure 5 also shows
that the peak value of the peripheral Nusselt number slightly
increases as A increases. When A = 0.5, this value increases
by almost 5%.

By integrating Eq. (22) along the peripheral of the pipe
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Table 1 NucINus changes with torsion

A - 0 A = 0.1 A = 0.3

Pr =
Pr =
Pr =
Pr =

5, Re
10, Re
5, Re
I, Re

= 50,
- 30
- 30,
= 50,

8

, £
8
e

= 0.1
- 0.1
= 0.3
- 0.1

1.0247
1.0177
1.0487
1.0060

1.0240
1.0176
1.0457
1.0059

1.0226
1.0173
1.0382
1.0057

Nu/Nu

0.4

0 90 180 270 360

Fig. 5 Peripheral Nusselt number changes with torsion.

and averaging the results, one can obtain the average Nusselt
number for the coiled pipe:

!54lPrRe3 29Pr2Re
Th

\\PrRe
138240 384^/

33443020800 1105920

Pr \1 (23)

Equation (23) indicates that the Nusselt number increase due
to curvature is mainly contributed by the T2Q terms. The con-
tributions of other terms are only through the terms of Th
(Eqs. 20c, 20f, and 20g). Since the terms, Tl9 T x l , and Ty2,
are trigonometric functions, integration along the periphery
will be zero. This phenomenon can also be easily understood
by looking at Fig. 2. For example, in Fig. 2b, the heat transfer
enhancement of 7^ in the outer wall region will be counter-
balanced by a reduction near the inner wall region.

Table 1 shows the effect of torsion on the Nusselt number
in a helicoidal pipe. To emphasize the heat transfer enhance-
ment, the Nusselt number ratio, Nuc/Nus9 has been used in
this table, where Nus = 4.3636 represents the Nusselt number
for straight pipe flow. The data indicate that the Nusselt num-
ber slightly decreases as torsion increases. For example, at
Pr = 5, Re = 30, and e = 0.3, the Nusselt numbers reduce
about 0.29 and 1% when A increases to 0.1 and 0.3, respec-
tively. It needs to be emphasized that the validity range of
this perturbation solution is limited by the momentum equa-
tions instead of the energy equation. Wang5 indicated that
De = Re2s < 288 can be used as a criterion for the flow

solution. In this range of Dean numbers, Table 1 shows that
only a slight increase of the Nusselt number can be achieved
in a curved pipe, even if a significant change in the temper-
ature profile can be reached.

Conclusions
Fully developed convective heat transfer in a coiled pipe

with substantial pitch has been solved by the perturbation
method. A closed-form solution of the temperature profile,
periphery, Nusselt number, and the average Nusselt number
has been found. The results indicate the following:

1) The effect of torsion on the temperature profile occurs
only in the sin 6 terms in the second-order solution T2. Torsion
will rotate the temperature contours and destroy their sym-
metry.

2) The effect of torsion on the temperature distribution will
be enhanced by increasing either the Reynolds number, the
Prandtl number, or the curvature.

3) The effect of torsion on the peripheral Nusselt number
is on the order of e2. Torsion will shift the peak of the Nusselt
number deviating from the outer wall.

4) The effect of torsion on the average Nusselt number
occurs only in the terms of Tb. As torsion increases, the Nus-
selt number will be reduced slightly. For example, at Pr =
5, Re = 30, and e = 0.3, the Nusselt number will be reduced
by 1% when torsion increases from zero to 0.3.
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